
Taylor̊uv polynom

Taylor̊uv polynom funkce f v bodě a stupně n je polynom

T (x) = f(a) + f ′(a)(x− a) +
f ′′(a)

2
(x− a)2 +

f ′′′(a)

3!
(x− a)3+

+
f IV (a)

4!
(x− a)4 +

fV (a)

5!
(x− a)5 + · · ·+

f (n)(a)

n!
(x− a)n

Zde f ′, f ′′, f ′′′, f IV , fV znač́ı prvńı, druhou až pátou derivaci funkce f .
Pomoćı sumačńıho symbolu zaṕı̌seme Taylor̊uv polynom

T (x) =
n

∑

k=0

f (k)(a)

k!
(x− a)k

zde f (k)(a) znač́ı k-tou derivaci funkce f v bodě a, tedy např́ıklad f (1) ≡ f ′,
f (2) ≡ f ′′, pro k = 0 je f (0) totéž co funkce f .
Pokud chceme zd̊uraznit funkci, bod a stupeň Taylorova polynomu, ṕı̌seme
Tf,a,n(x) mı́sto T (x).

Př́ıklad. f = x3 − 4x2 + 5x, a = 2, n = 6
Všimneme si, že

Tn(x) = Tn−1(x) +
f (n)(a)

n!
(x− a)n

a budeme postupně poč́ıtat polynomy nultého, prvńıho, druhého až šestého
stupně.

Nultý stupeň n = 0: f(2) = 6,

T0(x) = 6

Prvńı stupeň: f ′(x) = 3x2 − 8x+ 5, f ′(2) = 1,

T1(x) = 6 + (x− 2)

Druhý stupeň: f ′′(x) = 6x− 8, f ′′(2) = 4,’ f ′′(2)
2

= 2,

T2(x) = 6 + (x− 2) + 2(x− 2)2

Třet́ı stupeň: f ′′′(x) = 6, f ′′′(2) = 6, f ′′′(2)
6

= 1,

T3(x) = 6 + (x− 2) + 2(x− 2)2 + (x− 2)3

Čtvrtý a daľśı stupně: protože pro k ≥ 4 je f (k)(x) = 0, dostáváme

T6(x) = T5(x) = T4(x) = 6 + (x− 2) + 2(x− 2)2 + (x− 2)3
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Př́ıklad. f =
√
x, a = 1, n = 5

f(1) = 1:
T0(x) = 1

f ′(x) = 1
2
x−1/2, f ′(1) = 1

2
:

T1(x) = 1 +
1

2
(x− 1)

f ′′(x) = −1
4
x−3/2, f ′′(1) = −1

2
, f ′′(1)

2
= −1

4
:

T2(x) = 1 +
1

2
(x− 1)−

1

4
(x− 1)2

f ′′′(x) = 3
8
x−5/2, f ′′′(1) = 3

8
, f ′′′(1)

6
= 1

16
:

T3(x) = 1 +
1

2
(x− 1)−

1

4
(x− 1)2 +

1

16
(x− 1)3

f IV (x) = −15
16
x−7/2, f IV (1) = −15

16
, fIV (1)

24
= − 5

128
:

T4(x) = 1 +
1

2
(x− 1)−

1

4
(x− 1)2 +

1

16
(x− 1)3 −

5

128
(x− 1)4

fV (x) = 7×15
32

x−9/2, f IV (1) = 7×15
32

, fIV (1)
5×24

= − 7
256

:

T5(x) = 1 +
1

2
(x− 1)−

1

4
(x− 1)2 +

1

16
(x− 1)3 −

5

128
(x− 1)4 +

7

256
(x− 1)5

Aproximačńı vlastnost Taylorova polynomu.

Hodnotu odmocniny č́ısla bĺızkého a = 1, např́ıklad
√
1.2

.
= 1.095445 můžeme

nahradit (aproximovat) hodnotou Taylorova polynomu.
Následuj́ıćı tabulka ilustruje, jak zvyšuj́ıćı stupeň polynomu tuto aproxi-

maci zlepšuje

n 0 1 2 3 4 5
Tn(1.2) 1 1.1 1.09 1.095 1.0955 1.0954375

Aproximačńı vlastnost je také d̊uvod, proč jsme Taylor̊uv polynom uváděli
bez roznásobených závorek.
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Taylor̊uv polynom a zobecněná binomická věta

Taylor̊uv polynom pro funkci f(x) = (1 + x)α v bodě a = 0 je

T (x) = 1+αx+
α(α− 1)

2
x2+

α(α− 1)(α− 2)

3!
x3+

α(α− 1)(α− 2)(α− 3)

4!
x4+· · ·

Definujme zobecněný binomický koeficient pro α ∈ R

(

α

k

)

=
α(α− 1)(α− 2) . . . (α− k + 1)

k!

Pak můžeme zapsat Taylor̊uv polynom ve tvaru

Tn(x) =
n

∑

k=0

(

α

k

)

xk

Všimněte si, že pro α = n dostáváme

Tn(x) =
n

∑

k=0

(

n

k

)

xk

zde je pravá strana podle binomické věty rovna

(1 + x)n =
n

∑

k=0

(

n

k

)

1n−kxk

Později, až probereme součty nekonečně mnoha č́ısel a posléze i funkćı, uve-
deme zobecněnou binomickou větu

(1 + x)α =
∞
∑

k=0

(

α

k

)

xk

a ukážeme, že pro x ∈ (−1, 1) má nekonečný součet smysl a uvedená rovnost
plat́ı.

3


