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The world, mathematics and between 
them, a child.
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Historical notes

• Mathematics has a unique epistemological character.

• Since ancient Greek times, proofing has been a 
crucial activity in mathematics. Proofing was at the 
center of the creation of new knowledge. 

• The possibility of geometrical visualization has 
always played an important role.

• Especially the study of number patterns has played a 
central role since Pythagoras of Samos (ca. 600-500 
B.C.) 
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Historical notes

• The New Pythagorean Nikomachos of 
Gerasa (ca. 60-120 A.D.) intensively 
investigated triangular, quadrilateral and 
pentagon figures. 

T1 T2 T3 T4 T5
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Historical notes

• Clever laying of point patterns provided 
non-trivial insights even then.
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Historical Notes

• Clever laying of point patterns provided non-
trivial insights even then.

T1 T2 + T1 T3+ T2 T4+ T3 T5 + T4
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Historical Notes

• Angle hooks (so-called "gnomons") were 
often used for visualization:

1 1 + 3 1 + 3 + 5 1 + 3 + 5 + 7

Which equation fits?
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Historical Notes

• Even later great mathematicians often worked with 
the technique of figured numbers or other 
visualizations. 

• e.g., Carl Friedrich Gauss 
(1777-1855): 

• 1 + 2 + 3 + … + 99 + 100 = 

Porträt made by Gottlieb Biermann (1887)
(c) Picture: A. Wittmann, Gauß-Gesellschaft Göttingen e.V. 
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1 + 2 + 3 + … + 98 + 99 + 100 = 5050

Historical Notes: C. F. Gauss …

How so fast?

1 + 2 + 3 + … + 98 + 99 + 100
100 + 99 + 98 + … + 3 + 2 + 1
101 + 101 + 101 + … + 101 + 101 + 101

(100 ! 101) : 2 = 5050
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Learning mathematics is …

• a process of active construction of 
meaning,

• a social process,

• a process that requires a focused, guided 
confrontation.

today
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25 ! 36
100 ! 9 = 900
• „Allows“ the teacher this „trick“? 
or
• can the students see why this is correct?

Today: active construction of meaning
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3 ! 86 ! 4

„Half height means double width.“

Today: active construction of meaning

12Klaus-Peter Eichler | www.mathematikus.de



• 25 ! 36 = ?

• How you find the solution? Describe!

• Why your way is correct?

• Why is ½ : ¼ = 2 ?

• Why is ½ ! ½ = ¼  ?

• How you figure out 25% of a way?

• How you figure out 25% of 360 CZK?

Today: active construction of meaning
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J. Bruner

Important: 
intermodal transfer
verbal-symbolic / non-verbal
enactive level is not just a short state!

enactive

iconic

verbal-symbolic nonverbal-symbolic
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Mental pictures support thinking

The connection of the ability of mental 
visual operation and dyscalculia is well 
shown. (Lorenz 1992)

About 80% of children with dyscalculia 
show a lack in the ability of visualization.

Facts
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Facts

Hubbard, E. M., Piazza, M., Pinel, P., & Dehaene, S. (2005). Interactions 
between number and space in parietal cortex. Nature Reviews 
Neuroscience, 6(6), 435- 448. doi:10.1038/nrn1684
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Facts

(Hubbard, Piazza, Pinel, & Dehaene 2005, p. 445) 
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In mathematics lessons we always have to
visualize

• objects

• relations

• processes

Facts
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Enable the students the perception of:
• objects
• relations
• operations

then challenge the students to imagine:
• objects 
• relations
• operations

Consequencies
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• Arithmetic facts are illustrated with 
geometric activities / pictures (e.g. the 
sum of two even numbers is even)

• Geometrical facts and activities are 
challenges to arithmetic activities.

A modern way of teaching mathematics ...

connects arithmetic and geometry:
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Geometrical as an occasion for arithmetic

Example: Circles of ten
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Geometrical as an occasion for arithmetic

How many stones?
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Where is arithmetic?

12 + 22 + 32 + 42 + 52

a sum of squares
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Imagine a spatial movement: 
What is the result? A cube?

Where is arithmetic?
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5 + 1

5 
+

 0
,5

12 + 22 + 32 + 42 + 52 = [5 ! (5 + 0,5) ! (5 + 1)] : 3 
You see it and you will remeber it.
What means „it“? – The body or the formula? 

That’s arithmetic
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1 + 2 + 3 + 4 + 5 + 6 + 7 = 7 • ( 7 + 1) : 2

Solving tasks – finding patterns
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1 + 2 + 3 + 4 + 5 + 6 + 7 = 7 • ( 7 + 1) :
212 + 22 + 32 + 42 + 52 + 62 + 72 = (7 • 7,5 • 8 ) : 3

13 + 23 + 33 + 43 + 53 + 63 + 73 = ?

Is there a pattern? If yes, what‘s the pattern? 

What is the solution in the third row?

(7 • 7,5 • 8 • 8,5) : 4? (72 • 82) : 4

Can you visualize and see, what it is true? 

Let’s see ...

Solving tasks – finding patterns
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2 A = [ 5 ! 4 ! 5 ! 4 ] : 2
A = 52 ! 42 : 4

5 ! 4

4
+

3
+

 2
 +

 1
=

(5
!4

):
2 13 + 23 + 33 + 43

Solving tasks – finding patterns
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1 + 2 + 3 + 4 + 5 + 6 + 7  = 7 ! ( 7 + 1) : 2

12 + 22 + 32 + 42 + 52 + 62 + 72 = (7 ! 7,5 ! 8 ) : 3

13 + 23 + 33 + 43 + 53 + 63 + 73 = 72 ! 82 : 4

Solving tasks – finding patterns
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4 +
 5 5 

+
 4

 

4 ! 5
5 ! 4

visualization of arithmetic facts

Commutativity
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Which fact?

visualization of arithmetic facts
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Students acquire understanding, if they
• have previous perceptions and experiences,
• are familiar with the tools of visualization, the 

manipulatives,
• are able and accustomed to use geometrical 

objects as well as productive fantasy as tools 
of visualization. 

How to improve your math-lessons?
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