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Kapitola 1

Metrické prostory a posloupnosti
v metrickych prostorech

Priklad 1.1. Klasifikujte néasledujici mnoziny a urcete jejich diametr vzhledem k euklidovské normé
(metrice):

a) A={[z;y] € R*:2y—2<6,3x+2y>52—y<8} [oteviend]
b) B={lz;yl € R?*:2y—x<6,3x+2y>52z—y<8} [uzavtend]
¢) C={[z;y]€R?*:2y—2<6,3x+2y>51—y<8} [ani oteviend, ani uzaviend)
d) D={[z;y] e R?>:y>-x—-1,y>x—1,y<1} [ani oteviend, ani uzaviend, 4]
e) BE={lr;y] e R’:y>—a—-1y>zr—1y<1} [otevien, 4]
f) F={lmyle R:y>—-a—-1,y>z-1y<1} [uzaviend, 4]

Priklad 1.2. Popiste mnozinu spliujici nasledujici podminky:

a) x| =1, x € R? [jednotkové kruznice]
b) ||| =2, x € R? [kulové plocha o poloméru 2]
¢) |z|* <9, = € R? [kruh o poloméru 3]
d) [lz|| <3, z € R [koule o poloméru 3]
e) |z <1, x € R? [kosoctverec s tézistém v pocdtku]
f) ||zl =1, € R? [osmistén s tézistém v pocdtku]
g)  Z||max = 1, ® € IR? [¢tverec s tézistém v pocdtku]
h) |@||max <1, € R? [krychle s tézistém v pocatku]

Priklad 1.3. Klasifikujte nasledujici mnoziny a urcete jejich vnitiek, hranici a uzaveér:

) A= (—1L1)*\{[0;0)} [
) B={[myle R?: 2>+ <1} |
C={lz;yl e R? :2® +y* <2} |
D=(-1;1)*U{%2]} [
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Priklad 1.4. Rozhodnéte, zda jsou nasledujici posloupnosti v prostoru IR™ omezené:

1 n+3\*" !
=2 — 1
a) an, ( et <n 1) 7smn) I

b) a, = (cos(nm),5,(—1)"n,n* +3n + 1) [

4An—1
1 2n 43 .
0 a,= (2, st () 7sm<2n>> ]

Piiklad 1.5. Vypoctéte:

a) lim nitntl n+ 2\ garct n ' 162 e 7w
nsoo \ 3n2+2n+3" \n+1 "\ & 377




Kapitola 2

Funkce vice proménnych

Piiklad 2.1. Urcete definién{ obory nésledujicich funkei a klasifikujte je (oteviend, uzaviend, omezend
mnozina):

a) f(z,y,2) =In(1 — 2% — % — 2?) [vnittek koule o poloméru 1]
z

Va2
o) flay)=v1-22—y [jednotkovy kruh]

Q) f(z,mln(xz”“yz)

b) f(z,y,z) = arcsin [vné kuzele]

R y— [¢4st roviny IR? vné dvou jednotkovych
22 —2x+y

kruznic se stiedy [£1;0]]

o) flmy)=v1-a2+/1—y2 [¢tverec]
f) f(z,y) = +/sinzcosy [UkeZ (2km, w4 2k7) x UleZ<—g + 2I, g + 2I7),
71' 3T
Ukez(m + 2km, 2w + 2km) x UleZ<§ + 2, > + 2I7)
1
g) f(z,y) T p— [rovina IR? bez kruznice se stiedem [0;0] a polomérem 5]
h) f(z,y) =vV9— 22—y [kruh se stfedem v poc¢atku a polomérem 3]
1
i x,y,2) =
) f(@y,2) R —— [
B A
x
k) flz,y,2)=1—F
) Fews) = n
1) f(.l?, y) = ln(x sin y) Ukez (01 +OO) X <2]€7T, ™+ 2kﬂ->7
Ukez(—00,0) X (1 + 2k, 27 + 2km)
m) f(z,y) = arcsin(z + y) [rovinny pds vymezeny dvéma rovnobéznymi
pifmkami y = —x + 1 véetné piimek y = —z £ 1]
n) flz,y)=+v1—-9y2 [rovinny pds vymezeny dvéma rovnobéznymi

piimkami y = +1 véetné pifmek y = +1]

o) [flz,y)=vad+a>+y? [rovina IR?]



p) flz,y)=+vVa2+y?>—1 [vné a vcetné jednotkové kruznice se stfedem [0;0]]

1 . 5
a) flz,y) = P S [rovina IR bez bodu [—1;1]]
2 2
r) flz,y) =4/1- T 9 [uzévér vnittku elipsy]
2 g2 2 2_6
s) flz,y) = \/( z Y+ 6o)a ty y) [uzévér vnittku dvou kruha

2
bez vnittku jejich praniku]

Piiklad 2.2. Urcete definién{ obory ndsledujicich funkef a klasifikujte je (oteviend, uzaviend, omezend
mnozina):

a) [z, )—arCCOS(fE2+ o)+ flzl 4yl - V2 [

b)  f(z,y) =In(yln(y — z) [

¢) f(z,y) = arcsin (;2) + arcsin(1 — y) I
B o) =

[prunik vnitiku jednotkového kruhu a uzdvéru vnittku paraboly]

e) f(z,y) = sin(m(z? +y?)) [
f) fry=In(yh(y—x)) [

Piiklad 2.3. Naleznéte konstantn{ hladiny a vrstevnice (popf. popiste graf) nésledujicich funkef:

a) f(z,y) =2y [soustFedné hyperboly a soufadnicovy kiiz)
z

b) f(z,y,z) = arcsin [kuzelové plochy]

¢ flz,y)=+va>+y [kruznice]
d) flz,y) =2 +y° [kruznice]
¢) flay)=e o v 2T [kruznice]
f) flz,y)=a>+y°+2° [kulové plochy]
g) flz,y) = m [kruznice]
h)  flz,y) =vV9—a%—y? [kruznice]
i) flz,y,2)= W [kulové plochy]
i) flz,y) =2®+9° -2z [soustfedné kruznice a bod [1;0], (rota¢ni paraboloid)]
k) flz,y.2)=z+y+=z [roviny]
) flzy)=z+y [piimky]
m) f(z,y) = 2? [rovnobézné piimky, (rovina)]
n) f(z,y) =xy [hyperboly]
o) fla,y)=a®—y? [hyperboly]
p) [flz,y) =2+ y; [elipsy]



Piiklad 2.4. Klasifikujte télesa (plochy, roviny, pifmky, body) v prostoru IR? dle pifslusnych rovnic:

.IQ 2

a) Z—i—g—G—i—zQ:l

) 2?4yt 4+22=9

) 2?4+ 4y? + 927 =36
) 2 — 4P 4922 =9

) 2t +dy? —9:22=-9

f) 2 +4y* = 3622
2

o o o

@

g v+ =2
h) 2?4 4y? = 362
i) 22 +y*=2

i) 4a® —9y? =49z
k) 2 +4y* =16

) 22 +22=1
m) z?—42° =16
n a:z:—y

)
0) 2+y?+22=0
) x+2y+52—-16=0
Q) 2" +y" =0
Priklad 2.5. Urcete nésledujici limity:

1 1
Tsin — + ysin —
Yy Y

=

a) lim
(z,9)—(0,0)

3+ y3
1im —_—
(x,y)—(0,0) 2 + 32
Vit (y—-1)2+1-1
2+ (y—1)?

c)

e)

(z,9)—(0,1)

lim — e w"’iy?
(z,y)—(0,0) 24 + y*

i) (w7y%i_)nl(070)(x2 + y2)x2y2
k) (0671/%i—>m(070)(1 - xy)ﬁ

m) (w,ygiﬁm(O,O)(l * xy)m
) (x,y%i—>m(2,1)($2 tay+y)

lim
(zy)—(1,1) |2 — Y|

. y—3
s) lim —_—
(xy)—=(23) T+y—>5

3 —y3

u lim —_—
) (@)~ (2,3) 4 + y*

1
li i ,
") (Ly)—:(n—ll.,—l) (x+1)3+ (y+1)3

3
lim 14+ x| + T2 [+1y]
(z,y)—>(0,0)( 2| + [yl)

[elipsoid

[kulové plocha

[elipsoid

[jednodilny hyperboloid
[dvojdilny hyperboloid

[kuzelové plocha

[rotaéni kuzelovd plocha

[elipticky paraboloid

[neex.]

]
]
]
]
]
]
]
]
[rotacni parabolid]
]
]
]
]
]
]
]
]

[hyperbolicky paraboloid
[eliptickd valcovd plocha
[rota¢n{ valcova plocha
[hyperbolickd vélcova plocha

[parabolickd valcova plocha

[bod [0,0,0]
[rovina
[osa z
(z,y)—(4,0) Y
1
d) lim oy
(z,y)—(1,2) 1 —ay
R
(zy)—>(0,0) 2+ y?
W fm Y EIol
(@y)—(0,0)  T+Y
. . In(z + €e¥)
j) lim ————
(w7y)_)(170) \/W
$2+y2 _ 1
1) im < — -
(2,9)—(0,0) |z] + |y]
) sin(zy?2?)
n 1 - 7
(x,y,2)—(0,1,0) TYZz
2 .3
D) im _yrm
(2,y,2)—(0,0,0) 2 + y2 + 22
r) lim 2 Yy
(z,y)—(0,0) T — Y
t) lim 43
(@y) =21 22 —y+ 7
1
v) lim - 5
(zy)—(-1,-1) (x +1)2+ (y + 1)
2,2
X) lim 3" +y)
(z9)—=0,0) /a2 +y2 +4 -2
w22

1m _—
(z,y)—(0,0) z* + y*



Priklad 2.6. Ovéite na zdkladé definice limity:

a) lim 2% +3y* =19
(@y)—(4.1)

b) lim %=1
(@,9)—(0,0)

Piiklad 2.7. Rozhodnéte o spojitosti nédsledujicich funkeci:

a) f(x,y) =e"T¥\/22 + y2 + cos(z — ) [spojitd v IR?]
b) f(z,y) =y [nespojité v [0; 0]]
z,y) = :
W= e pOj
2
c) flz,y) = = iny [nespojita v [0;0]]

Piiklad 2.8. Rozhodnéte, zda funkce mohou byt spojité rozsifeny na IR?, resp. na IR>:

TYZ

a) PR [ano]
ry
) — [ano]
|lz] + |y
Yz —x
c) R [ne]



Kapitola 3

Parcialni derivace a jejich uziti

Piiklad 3.1. Vypoctéte parcidlni derivace funkce f v obecném bodé a vycislete je v danych bodech:

a)_

fla,y) =2 + 2% —Bay + 30 — 1, a = [1;0], b=[2-3],
Of o5 o of _ . _

% =3z -5y +3, By =4y 54

fla,y) =wsin’y, a = [Li7], b=[-27/4],

of _ .o 0Of __ .

En = sin“ y, 9y —2xsmycosy}

f(x7y) = COS(Z’E—y), a = [0;77—/3]7 b= [_71—77(/2}7
of af

o —2sin(2x — y), dy = sin(2x y)]

f(z,y) = " sin(2y), a = [0;0], b= [-1;7/4],

of .. of o .

En = e sin(2y), Dy =2e cos(2y)]

fl@,y) =In(z + va? +¢?), a = [1;0], b= [21],
or 1 of _ v

R N N R DN

f(x,y) =V 2 Ty, a= [1;0]7 b= [2;_1]’ c= [0; _3]3

of o« of 1
_3I Viz+y 0y 2424y
Jay) = aretg Y a = [1;-1], b=[0:~2], e = [1:1],

r—y

[of -y of oz
5~
f(mvy) :xyv a = [1;_1]7 b= [270}7

_ai _ y—1 8f ylnzx Y

_ax—ym‘ ’7834:6 Inz=aYlnz

f(z,y) =V —y*+1, a=[41], b=[-1;-3],
lor 1 of -y

R Eras e
1

2

0z 9y oy



Priklad 3.2. Vypoctéte parcidlni derivace funkce f v obecném bodé a vy¢islete je v danych bodech:

a) f(x,y,2) =22%yz +3xy* + 622 — 5, a = [1;-1;2], b= [0;2;1],
g = 4ayz + 3y* + 62, 8—f = 222 + 6y, g 2x2y+6z]
| Oz Oy 0z
b) f(z,y,2) =In(x 4+ 2y — 32+ 5), a =[1;0;—-1], b=[0;0;0], ¢ = [1; —2;4],
[Of 1 of 2 of -3
|0z z+2y—3245 0y z+2y—32+5 0z :x—|—2y—3z—|—5]

c) flz,y,z) =cos(3x —5y+62z—2), a=[0;m;2], b=[-2m;2;1],

gi = —3sin(3z — 5y + 62 — 2), % = 5sin(3z — 5y + 62 — 2), % = —6sin(3z — 5y + 62 — 2)
d) f(xayaz) = \/m, a = [1,—1,2],1) = [—1707 1]7

| Ox VP2 0y 2Pt 02 P+ 22
e) flz,y,2) = x2 sin(2y — z), a = [1;0;0], b= [1;0; 7],

fof .. of of
Ex = 2zsin(2y — 2), M 3.

f) f(:v,y,z) = (.’L‘ - yz)zy, r>yz, a= [1;0]’ b= [2; _1]5
), % = (z —yz)™y (ln(w—yZ)— - )

=222 cos(2y — 2),

= —2? cos(2y — z)]

ox

T — Yz

[af = (v —yz)"y (ln(w —yz) +

g _ 2 _ zy—1
e D

0 S =t a= il o=, |58 — e o

97 =y“z°, 5‘73/ = 2zyz —JZC :5xy224]
g) [(z,y,2) =cosh(zy — 2), a =[-1;1;1], b= [1;0;1],

of —of _ of ]

ox Oy ' Oz

Piiklad 3.3. Urcete vektor grad f v obecném bodé a v danych bodech:

a) f(z,y) = 4day® —6zy +5, a = [1;-1], b=[0;0], [grad f = (4y® — 6y; 8xy — 61)]
2z +3y—5 s e . _ 9-5y 5 +1
b) f(xvy)_ .’E—y+2 ) a_[Q,O]a b_[173]7 |:g adf_ ((1'—2/"‘2)2’ (w—y+2)2>}

er +2 -3

Piiklad 3.4. Urcete, ve kterych bodech je vektor grad f nulovy:

a) f(x,y) =322 — bay + 4y — 6z + 5y, [[1;0]]
b)  f(z,y) = In(z? + 2z + y* — day + 4y + 6), Hg,g”
o) flz,y)=+a2—4dx+y2+6y+4, [grad f(z,y) # (0;0) V[z;9] € Dy]



Piiklad 3.5. Uréete hodnotu smérové derivace 9z f v bodé [1, 1] pro obecny vektor @ = (uq,us), ||| = 1:

a) flz,y) = Vb + 7 {81’ \;1 \;1 }
b) f(z,9) = layl, [a fe “;“}

Piiklad 3.6. Urcete, zda funkce f(z,y) v bodé a ve sméru vektoru @ roste ¢i klesd a urcete rychlost
zmény, je-li

a) f(z,y) =In(z*y+1), a=[1;2], 4= (1;-1), {roste rychlosti 7
2 2 - —10]
b) flx,y) =2 —2y%, a=1[3;4], @ = (1;1), kles4 rychlosti —
\/5
2 3y—>5
c) flx,y) = %, a=1[2;0], = (2;-3), {klesa rychlost{ \ﬁ
3
d) f(x,y) = arctg 3 a=[-1;1], u=(2;1), [roste rychlost{

Piiklad 3.7. Pro funkei f(x,y) urcete smeér 3, ve kterém funkce v bodé a nejvice roste a urcete rychlost
rustu, je-li

. ;
a) f(z,y) =22> -3y +5, a=][1;2], {5': 5(4; —3), rychlost je 5
1 :

b) flay) =Y, a=[1;-1], {5' —(2;—1), rychlost je e2V/5
VB ]

2 3y —5 1 |

C) f(l'7y) = %7 a = [210]5 |:§: W(g 11) I‘yCthSt je |

2

11 1 21/5 |
d) f(z,y) =arcsin(2z + y), a = {2; ] lé’— —(2;1), rychlost je g

V5

Piiklad 3.8. Urcete rovnici teéné roviny ke grafu funkce f = f(z,y) v bodé (a, f(a)), je-li:

a) flx,y) = 32> — 22y + 5ay® — 62 + 5y + 10, a = [1, 1], [122 — Ty — z — 10 = 0]
b) fley) = a=[L1], w—y—z+1=0)
) Jr)= VTP a= 1,3 4 — 3y — 52 = 0]
d) flz,y)=2>-y*+5 a=[2,3], [z — 6y — 2+ 10 = 0]
e) flz,y) =22 +v% a=[1,1], Az +2y — 2z —3 =0
f) f(x,y):arctgg, a=1[1,1], 2z — 2y —4z+ 7 = 0;]
g) f(x,y):x4+2x2y—xy+x,a=[1,7], f(a):27 [5$+y—2—3:0]
h) f(z,y) =2y, a=17,2], fla)=2, 2r+y—2z—2=0)
1) flz,y) = Va2 +y? — 2y, a=13,4], 172 + 11y 4+ 52 — 60 = 0]

Piiklad 3.9. Urcete rovnici teéné roviny ke grafu fukce f(z,y), kterd je rovnobeznd s rovinou p, je-li:

a) flz,y) = 20> —day+4y* +5, p:dr — 12y + 2 = 3, [z — 12y + 2+ 5 = 0]
b) f(z,y) =22y +5, p:8x+2y—2=0, 8z 42y —2—-3=0, 8¢ +2y—2+13=0]

Piiklad 3.10. Urcete rovnici te¢né roviny ke grafu fukce f(z,y), kterd je kolmd na piimku p, je-li:

a) flz,y)==ay, p: X =[-2;-2;1] +¢(2;1;,-1), [dr — 12y + 2+ 5= 0]



Piiklad 3.11. Najdéte totalnf diferencialy d fa(,y) a dfy(z,y) v pifslusnych bodech a, b pro nésledujict
funkce:

a) flr,y)=e "cosy, a=[lin], b=[0;7/2),
[Aae.) = (- 1)

b) f(z,y) =In(z*+y%), a=[2;0], b=[1;-3],
[dfa(z,y) == 2]

¢) fla,y) = arctgg, a=1[0;2), b=[-1:4],

(4fa(e.9) = o dfyles) = 1o+ + 3=

d) f(z,y) =arctg(zy), a = [1;0], b= [2;-1],
[dfa(z,y) =yl

e) flx,y) =2 a=1I1;-1], b=1[0;-2],
[dfa(z,y) = —(z — 1), dfp(z,y) neexistuje]

f) flz,y) = arcsing, a=[1;-1], b=1[2;0],

(y—4)

[dfa(z,y) neexistuje, dfp(z,y) neexistuje]

g flz.y) = ﬁ a=[1-1], b=[2,0],
dfa(z,y) = _%JJ—F %y+ %

Priklad 3.12. Rozhodnéte, zda jsou funkce diferencovatelné v daném bodé xg:

a) flz,y) = \/7
b) =vVat+y3, xg = [

) f(x,y) — 77, g = [0,0] I

————, f(0,0)=0, o =[0,0], ]

Piiklad 3.13. Pomoci diferencidlu urcete ptibliznou hodnotu (na 4 platné cifry):

a) (1.03)°°7 [ b)) In(1.02)In(1.01)  [£]  ¢*) V1.003-arctg(1.01)  [F]
Piiklad 3.14. Vypoctete prvni parcidlni derivace funkce:

a) F(xvy):f(uav)»UZJUQ‘H/,U:UU—%
oF _, 0f 0f OF _of 8f]

| Ox ou  Ov’ dy Ou v
b) F(x,y)zf(u,v),u:x+2\/§,v:x—2\f,
OF _of _of OF _of 1 of 1}

9r  ou  ov’ 9y  ou NN

C) F(‘T,y):f(uvv)au:xyav:§7

[0F _0f Of1 OF _0f . 0f (—x)]
2

| 0x o’ Ty oy " ou' T av
d) F(xy):f(uv)7u:$2_y7vzxyv
[OF 5‘f 3f or  of

of
| 0x au Ta dy 7%( y)+(‘3v4
e) F(ac,y):f(r),r:\/x2+y2,

[oF ., x OF |y
S =0 G =]

10



Priklad 3.15. Spoctéte %7 je-li:

a) z=a>+xy+y® ax=sint, y = cost, [cos 2t]
b) z=e¢Wn(z+y) az=1t y=1—13 [0]

Piiklad 3.16. Ovéite, ze funkce f(z,y) vyhovuje piislusné rovnici, je-li:
&) Sy =@+, yoL —22 g
) b ax b

0
22 2 _
b) f(z,y) =y°sin(z® —y°), vy o —|—xyay 21z,

ox v dy
[0=0]
c) yaa—]; +x§—§ =0, r=a%—y?%
[0=0]
oF oF o 9
[0=0]
F F
e) aﬁ+y87:07r7\/12+y23
or oy
[rf'(r) = 0]
OF oF Y
f _ _— = F = = —
) xax—i—yay U=, 0=
[
g) xaa—F — yg—F =0, x =rcosyp, y =rsiny, (transformace do polarnich soufadnic)
Y x
of
dp
F F
h) a:g—x + y%—y =0, x =rcosp, y=rsiny, (transformace do poldrnich souradnic)
of
Iy
e }

11



Kapitola 4

Derivace vyssich radu a jejich
vlastnosti

Piiklad 4.1. Urcete vSechny parcialni derivace druhého fddu funkce f v obecném bodé a vycislete je
v danych bodech:

a) f(z,y) =2"+3zy’ — 4o +2y+5, a=[1;0], b=[-1;2],
'82f - 82f - 5 an B

97 =% Bany =M By T 18”}

b)  f(z,y) =In(z +2y), a=[2;1], b= [0;-1],

[o2f -1 8% —2 O 4 ]

1022 (x+29)% dxdy  (z+2y)2 9y? (x4 2y)2
¢) flz,y) =3z — 22%y + 52y® — 62 + 3y — 10, @ = [1; 1], b=[0,0],

G o2 f o2 f
P 18e—4 — 10y —4z, 2L =1
| Ox? S =4y, Ox0y Oy —da, oy? 04
x
d) f(m7y> = gﬂ a = [1;3]7 b= [_3§0]7
(*f _, O _ 1 #f 2
1022 7 0x0y oy Oy B

¢) [flz,y) =In(=®+y?), a=[1;0], b=[-11],

(02 2yt —a?) O _  —day  Of _ 2<x2—y2>]
1022 (a2 +y?)? 0x0y (a2 +9%)? 9y (2 +y?)?
f) fl@y)=+vVa*+y, a=[-23], b=[L;-1],

(o2 f y 0% f —1 2f -

922 T @) 020y~ 4@y O 2/ 4y

8) f(v.y)=3cos(2x =3y +5), a = [2m —7], b= i -7,

[gjc]; = —12cos(2z — 3y + 5), aaja]; = 18cos(2z — 3y +5), ngJ; = —2Tcos(2z — 3y +5)
h)  f(z,y) = arctg (zy), a = [1;—1], b= [2;0],

[an 2wy O*f  1—a*y? 0°f 2%y ]

0z2  (1+a%y?)?’ 020y (14 22y%)%" 0y (1+ 22y?)?
i) f(z,y) = arctg (lmjxyy) , a=10;0], b=[1;-1],

[82f B 2z 0% f B 0% f B 2y :|

Ox2 x4+ 222 + 17 0xdy T Oy? yt+ 292 +1
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Piiklad 4.2. Najdéte diferencidly druhého fadu d?fq(z,y) a d2fb(x, y) v piislusnych bodech a, b pro
nasledujici funkcee:

a) f(z,y) =2y +In(z+2y+1), a=[0;0], b=[1;—1],
(02 f 1 0% f —4 0% f 2
922 (z+2y+1)2 0z0y (z+2y+1)% 02 x—m
b) f(z,y) =In(e” +e€”), a=[0;0], b=[1;0],

‘azf ety a2f —erty 82f ety
022 (em+ev)2 0ady (" + V)2 Oy (e+ey)2]
¢) fley)=e" Y, a=[L1], b=[L0],
a2 2
g;; = (2—&-41‘2)6'”2_@’, ;Tafy
d) f(z,y)=3zy+6x—5y+7, a=][0;0], b=1[2;3],

[0 _, 0f _, Of _0]

)

2
— _2ze® Y f = em2—y]

| 0z T oxdy T 0y?
e) flx,y) =e"siny, a =1[0;0], b= [O; g} ,
& = e%sin 0/ = e% cos ﬁ —e” sin
922 Y 920 Y ay2 Y
D Sy =3 =245+ L+ a= (1], b=[20]
[*f 2y Of 2ty Of 2
1022 23’ Ozdy  a%y? T Oy P

g) f(z,y) =sin(2z +y), a = [0;0], b= [0;7],

[*f . P ro_ *f 2e00 1N — 0 A2 £(h-h) —

@ = —4sin(2z + y), or0y —2sin(2z + y), e —sin(2z +vy), d“f(a;h) =0, d*f(b;h) =0
h)  f(z,y) =In(z —y), a=[1;0], b=[2;1],

*f 1 *fo_ 1 *f -1 2p0 VY 12 2

5 = G By~ G o = G @ = o h

d2f(b;h) = —h?% + 2hihy — hg]

) Sy ==L a=[1;1], b=[1;0],

r+y
P 4y Pf 2w-2y O*f 4y 2p Lo, 1,
{83:2 T (x+y)? 0zdy  (z+y)? 0y (z+y)? d f(a,h)——§h1+§h2,

d?f(b;h) = 4h hy + 4h§}

i) f(zy) =In(z+ V22 +y?), a=[0;1], b=[0;0],
[*f _ *f _ O*f _]

022 7 Ozdy W Oy?

k) f(x,y) =xsin’y, a=[1;0], b= [1;7/2],

ﬁ =0 0 = 2sinycosy ﬁ
| Oz " 9xdy T oy?
D fle,y) =y"", a=[1;1], b=,

[0%f 0% f o f _]

= 2z(cos® x —sin®y), d®f(a;h) = 2hZ, d?f(b;h) = 2h§}

1022 7 dxdy | Oy
m)  f(z,y) ==y’ — 2%y, a=[1;1], b=[2;1],
[0%f f f
|0z 2, oxdy 2y — 22, y?

=2, d®f(a;h) = —2h3 + 2h3, d?f(b;h) = —2h% — 4h hy + 2h§]
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Priklad 4.3. Ovéfite, ze funkce f(z,y), resp. f(z,y, z) vyhovuje piislusné rovnici, je-li:

a) flz,y) =In(z? + ¢?), % +<32yj; —0,
b) )= g, Zj—gyf:

Priklad 4.4. Do nize uvedenych rovnic zavedte nové proménné F(z,y) = f(u,v) (piedpoklddejte
zdménnost smiSenych derivaci):

a)

627F+ (927F_0 g
¥ 002 yaxay Thuse x
v2 Of 5 O%f
[uav ~ Y v _O]

o*F  0*F 10F _

F oy
4 =
| Ovou 0}
0? 0*F T —y
C) = 07 = ;
92 e 22 + 12 22 + 12
*f  Pf
a2 o 0]
0*F 0*F
2 2
d) 92 7y67y2707u*xy7v*7
°f of
4 oudv 21}% N 0}
Piiklad 4.5. Napiste Tayloruv polynom stupné n v okoli bodu xg pro nésleduji funkce:
a) f(xay) :$3+y3, ’I’L:27 o = [170] [T2($7y) = 1—|—3($—1) (x_l)z}
b) flz,y) =zy, n=2, zg=[1,1] To(z,y) =1+ (@@-1)+@y—-1D+(z—-1)(y— 1)]
1 1
&) flw,y) =ley), n=2, 2 =[1,1] Tale) = 0= )4 = 1) - 50— 12 - 50~ 1
z+y 1 2 1 2-
d) flz,y)=e""n=2 xo=10,0] Tg(x,y)=1+x+y+§x +$i‘/+§y
e) flz,y)=e"In(l4+y)n=4, x5 =10,0] i
1 1 .]
f) flz,y) =e"sinyn=3, xo=0,0] {Tg(fc,y) =y+ay+ sty — oy

g) f(xvy):xyn:& :1}02[1,1] H

h)  f(z,y) =

n=3, o= [2,1] i

14



Kapitola 5

Implicitni funkce

Piiklad 5.1. Spocitejte derivace y'(z) funkei zadanych implicitné v obecném a daném bodé:

Y _ o2y
a) ze® —ylnz—1=0, a=][1,7] _z
’ T 2z¢%Y —Inx

b) ze® —ylnz—1=0, a=[?,0], I

I VY Y =20 i

c) nf:mctg;7 a=

Q) 1+ oy — (e + ) =0, a=[0,7], 3]
x
Yging — eF 1

e) e"cosy+elcosz=1, a=]70], {e SIn — € Cosy
eYcosx —ersiny |
e + xe® —y|
f) ze® =y =71 —
) ze® =y +ay, a=[71], [ s |
g) e+rzy—e=0,a=][0,]1] —Y y’(O):_—l-
) s L] €y+fE, e |
h) Va2 4y —actg (£) =0, a = [0,1], I
_ 3,2 1
i) 23 +y>—3zy=0, a=1]0,0], {m,y'@) neexistuje_
2y — 2z |

. 3 2 _ _ 1y
.]) Y —2$y—|-.73 —O,a—[l,l], [?M,y(l)_O_
] _ 1
k) zy=y", a=][11], [Wf,y’(l) neexistuje

T — xy*
) zy—Iny=0, a=][0,1], l yl,y’(O)zl
r_ 1

y _

15



Priklad 5.2. Vypoctéte parcidlni derivace %, g—; v obecném bodé pro implicitné zadané funkce:
) , . 0z ycosxy—+ zcosxz Oz T COS TY + 2 COS Yz |
a) sinzy+sinyz +sinzz =1, — = , — = —
Or xcoszz+ycosyz Oy 2T COSTZ + Y COSYZ |
0 0
b) z = zysinzz, {6322 =, 67; =
0z Y 0z x
* z = 1 = =
) st =ay+l, {830 ez+1" 9y  ez+1]
0z 1422 0z 14 22]
d) arctgx + arctgy + arctgz = 5, [%sz, a—y: 1+
[0 0
e) 2P+y*+22—2w2=1, _8—;:,8—2:
[0z Oz
f) 2°+3xyz—1=0, o= =
) z° 4 3xyz 9z 0y
[0z Oz
2, .2 4
— —1:0’ — =, =
g) z° 42" —xz+ay 95 0y
Piiklad 5.3. Napiste rovnici te¢ny a normaly k zadané kiivce v zadaném bodé:
a) €™ +siny+y® =1, T =[2,0], t:y=0,n:2=2]
b) x%—f—y%:{i,T:[S,l], [t:x+2y=10,n:]
¢) 2z —a%—e¥—2y=0, T =1,0], [t:y=0,n: x—l}
d) 2°+¢* —22y=0, T =[1,1], t:y—1=—(x—1),n]
e) 2y+yPr+aiy—-3=0,T=1[11], [t:6x+5y—11=0,n:5z—6y—1=0]
f) arcsinz +ay® =0, T = [0,3], t:z=0,n:y=2]
g) Ty+ylr—ay—1=0,T=[11], tiy=-2+2n:y=a]
3
b*) In(z+y)+22+y=0,T=[-1,2], t:y—2:—§(x—|—1),n:5x—6y—1=0
i) 22(z+y)=z—y, T=10,0], [t: n:
.]) yg_xy_y:07T:[37_2]a [t;’l’LZ}
k) zt4yt—a232 =9 T=][1,2], [t: n

Piiklad 5.4. Rozhodnéte, zda kiivka implicitné popsand rovnici F'(z,y) = 0 lez{ v okol{ daného bodu a

pod te¢nou nebo nad te¢nou, je-li
a)
b)
c)

F(x,y):Zx—zQ—ey—Qy:(), a=[1,0],
F(z,y) =2 +y° — 22y, a = [1,1],
F(z,y) =2" +2zy+y* — 4z +2y -3, a = [0,1],

[pod tec¢nou]
[pod tecnou]

[nad teénou]

Piiklad 5.5. Zjistéte, zda v okoli daného bodu zy = a; je funkce f(z) (implicitné popsand rovnici

F(z,y) = 0) rostouci, klesajici, konvexn{ ¢ konkdvni, je-li
a¥*)
b*)
c)

F(z,y)=2"-y—¢=0, a=][1,0], [rostouci, konvexni]
F(z,y) =23 +y> — 222 —ay +1, a=[1,1], [
[

F(z,y) = 2* + 2xy +y* — 4o +2y — 3, a = [0, 1],

rostouci, konk&vni]

rostouct, konkédvni]
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Piiklad 5.6. Naleznéte teénou rovinu k dané plose v daném bodé:

a) 2+y?+22=14, T =][1,-2,3], [z — 2y + 32 = 14]
b) zy+yz+zx=-1,T=1[72-1], [+ 32+2=0]
¢) zHy+z=e @HVFAFL P17 1], [z 4+y+2z=1]
d) 2*+y*+2° -3eyz—ax—y—2=0, T=[1,0,1], [x—2y+2z—2=0]
) 4P+ fayz—6=0,T=[1,2,-1], [z + 11y + 5z = 18]
f) 22 +2y°+322-21=0, T =1,2,2], [z + 4y + 62 — 21 = (]
g) wy—x—y—2=0 T=[1,-1,-1], [z + 11y + 52 — 18 = 0]
h) 2?2 +9y2+22-25=0, T =[3,0,4], [32 + 4z — 25 = 0]

]

i) In(z+y+z2z-2)-e"V=20—y—2 T=][11,1], =0
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Kapitola 6

Extrémy funkci vice proménnych

Priklad 6.1. Vysetiete lokdlni extrémy funkei:

a) flz,y) =3 —2") -y,

b)  fla,y) =2’y (6 —z —y),
¢) flz,y) =23 +y3 +9zy + 27,
d)  flz,y) = peytosine

e) flz,y)=2"+y° —3uy

—h

) fle,y) =1 -2)1-y)(z+y—1)
g) flz,y)=e " V(2 +4?),

h*)  f(z,y)
i) f(x,y) =e*V(82” + 3y — 6ay)
j) f(x,y):x3—6xy—6x+6y+3y2
k) flz,y) =yVI+z+z/1+y

) fz,y) =e"Y(2a® - 2¢%)

=22 —y? - 2uy — 4z

m)  f(z,y) = 2° +2y + 4y
) f(z,y) =6xy —a® —y* +2
o) flz,y) —\/aﬁy2
p) flz,y)=y+—-—2In"z

t*)  fx,y) = 6zy — 2® — 8y> 4+ 125

) flz,y) =2" =2y — 4o+ 8y — 6
v) fle,y) =3z +ay® -y

W) flz,y) =2+ ¢
x*)  f(z,y) = 2> +y? + 2y — 62 — 9y

—zy—x—y+3

y) flz,y) =6zy+x—3y— 22> — 5> +7 [1okéln1' maximum v {—2, —3”

z) flz,y)=2>—y*+22+6y+5

[lok&lni maximum v [1,0]
[lokdln{ maximum v [3, 2]
[lokdlni maximum v [—3, —3]
[nemd extrém

[lokdln{ minimum v [1,1]

0]

[lokélni maximum v [1,

[nemd extrém
[lokdlni minimum v [0, 0
[lokdln{ minimum v [2,1
[nemd extrém

[lokdlni maximum v [—4, —2]
[lokélni minimum v [1, —1]]
[lokaln{ maximum v [6, 18]]

[lokdlni maximum v [0, 0]]
[lokdlni maximum v [1, —1]]
[lokdln{ minimum v [1,2]]

[nemd extrém)]

[lokdlni minimum v [—1, 2]]
1
{lokélm’ maximum v [1, 2”

[nemd extrém
[neméd extrém

[lok&lni minimum v [1, 1]

]
]
]
[lokdlni minimum v [1, 4]]

2

[nem4 extrém |
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Priklad 6.2. Vysetiete lokdlni extrémy funkei:

2)
)
0

)
)
)

=)

- 0o A

= o
—

=L
~

<+ w
~— — —

=]

)
v)
W)

x)

(=, )—3w+6y—w2—xy+y2,

fla,y) = e3(z +y°),

1
f<x7y) *+§—Sﬁ’y7
fx,y) =223y — 2%y + 322 +5
fz,y) = 223 + 229° — 242+ 5
f(z,y) =32 — 22 /y +y — 8z + 12

f('ray> :$3+893*6$y+57

flz,y) =2® +ay+y* — 62— 9y
[z, y) =2zy — 20 — 4y
f(x,y):x\/ﬂ—a:Q—y—i—Gx—F?)

flz,y) = 2%+ 4> — 18zy + 15

f(z,y) =2% — 2y +y* + 92 — 6y + 20
flay) =2 = (y—1)?

flz,y) =2°y*(12 =z — y)
f(z,y) = 322y — 62y + 33

fz,y) = z* + y* — 222 + 4oy — 20/
fla,y) =a’y(d -z +y)
f(a,y) = 6ry —a® —y°

f(x,y)—x —|—xy+y —4lnz—10Iny
fle,y) =a' +y* —a® — 22y — ¢

~

ry) =2 —xy+y* -2 +y

(
50 20
flx,y) =oy+—+ —
r oy

_1)2
(z—y+1)°

flay) =2+ (y
flz,y) =

Priklad 6.3. Vysetiete lokalni extrémy funkei:

[oN
N2

Rac )

2
z
f(x,y,z):x3+y2+573x272y+22,

222
f(z,y,2) = +fo+g+;,
fa,y,2) = 2° +y° + 2° = 3(ay + 22 + y2),
fz,y,2) = 22% +9* + 22 — xy — x2,
flz,y,2) =22 + 9% + 2% + 22 + 4y — 62,
flz,y, 2) =23 + 9% + 2% + 122y + 22,

19

[nem4 extrém ]

[lokéln{ minimum v [—2, 0]]

[lokdlni maximum v [—1, —1]]

[nem4 extrém]|
[lok. min. v [2,0], lok. max. v [—2,0]]

[lokdlni minimum v [2, 4]]

lokalni minimum v [1,

[lok&lni minimum v [1,

[nemd extrém

[lokdln{ maximum v [4, 4

[lokalni minimum v [6,6
[lokdln{ minimum v [—4

[nemd extrém

[lok. min. v [1, 1], lok. max. v [1,

lok. min. v [—v/2,v/2], lok. min. v [v2, —v?2]

1

|

2

-1

[lokélni maximum v [2,2

[lok&lni minimum v [1,0

|

4]

}
]
I
I
1]
]
]
}

|
I
[
|
I

[lokdln{ minimum v [5, 2]]

[lokdln{ minimum v [0, 1]]

[

[
[

[neméd extrém

[lokdln{ minimum v [—1, —2,

[lokdlni minimum v [24, —144, —1

3]
]

]
]

]
]
}
}

[



Piiklad 6.4. Naleznéte vdzané extrémy funkce f vzhledem k mnoziné M, je-li:

a) f(z,y)=V3z —y+2, M ={[z,y] € R*: 2> + 2z +y> =0},

V3 -2 —1 lokalni minimum v —\/§+2 1
N 2 2

llokélm’ maximum v l

|

b) f(x7y):x27y2vM:{[l'vy}eﬂ:iz:y+eiw271:0},
[lok&lni minimum v [0, 0]]

¢) flz,y)=e", M= {[z,y] € R® :x+y=1},

11
lokéIn{ maxi Sz
|:O alnl maximuim v |:2,2:|:|

D faw) =1+ M={lrg] € B iaty=2a70,y£0)
[lokdlni minimum v [1, 1]]
e) [flx.y)=uwy M={lo,y] € R*:2”+y* =2},
[lokdlni maximum v [—1, —1],[1, 1] lokdln{ minimum v [—1, 1], [1, —1]]
) floy) =2y, M ={[z,y] € R* -2 +y =1},

lok4lni maximum v 1, 1”

L 1272
g) flay)=ax+2y—1, M={jz,y] € R*:2®+y* =1},

[ 2z , . -\/5 2\/5 , , L. \/g 2\/5

lokaln{ maximum v | —, —| , lokdln{ minimum v |——, ———
h*) f(w7y):6_4x_3yaM:{[xay]€B2Zl‘2+y2:1}7

[ [ 4

_1okéln1’ maximum v -—5, —ﬂ , lokalni minimum v [5, 2”
) flay) =ay-—ct+y-1, M={[z,y] € R*:z+y=1},

lokalni maximum v —1, 3”

272

i) fley) =2+ 2% M ={[z,y] € R : 2* — 20+ 2y + 4y = 0},
[lokalni maximum v [2,—2], lokdlni minimum v [0, 0]]
1
i
[lokélni maximum v [—\f , —\fZ] , lokdlni minimum v {\/5, \@H
D fley)=2"+y* M={[z,y) € R :x+y=1},
[lokélni maximum v , lokdln{ minimum v ]
m)  flz,y) =ay, M ={[z,y] € R*: 2* +y* =2},
[lokdln{ maximum v , lokdln{ minimum v ]

K) Sy =aty, M={lryl € R: 5+ —1=0},
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Priiklad 6.5. Najdéte absolutni extrémy funkce f na predepsané mnoziné M, je-li:

a) fz,y)=Va?+y% M={lz,yl € R*: 2" +y* <9},
[absolutm’ maximum na mnoziné z* 4 y* = 9, absolutni minimum v [0, 0]]
b) floy)=z-2y—3 M={lz,y] e R*:0<2,y<1,0<z+y<1}
[absolutni maximum v [1,0], absolutni{ minimum v [0, 1]]
) flx,y)=a®=3y" —w+18y—4, M ={[z,y] € R*: 0 <z <y <4},
[absolutni maximum v [4, 4], absolutni minimum v [0, 0]]
Q) foy)=(@—y")e -5, M={lr,y] € R :y* <o <2},
[absolutni maximum v [2,0], absolutn{ minimum na hranici OM]

e) flr,y)=a®+2zy—3y" +y, M={lz,y) e R*: 0<2,y<1,0<z+y <1},
71
absolutni maximum v [8’ 8] , absolutn{ minimum v [0, 1]

f) flz,y) =2 —ay+y®, M ={[z,y] € R*:[z| +|y| <1},
[absolutni maximum v [£1, 0], [0, £1], absolutn{ minimum v [0, 0]]
g%) floy) =27 —y*, M ={[z,y] € R*: 2" +y* <4},
[absolutni maximum v [£2, 0], absolutni minimum v [0, £2]]
h) f(x,y):x2+2xy+4x+8y, M:<031>X<032>a

[absolutni maximum v [1,2], absolutni minimum v [0, 0]]

i) f(z,y) =sinz +siny + sin(x +y), M = <0, %> X <O,g>,

[absolutnl' maximum v [f } , absolutni{ minimum v [0,0]}

T
33
i) fxy) =3zy, M ={lo,y] € R*: 2* +y* < 2},
[absolutni maximum v , absolutn{ minimum v ]
k) flo,y) =2 =y M ={[z,y] € R*:2” +y* <1},
[absolutni maximum v , absolutni{ minimum v ]
) flz,y) =2 +22y —4o+8y, M ={[z,y] c R*:0<2<1,0<y<2},
[absolutni maximum v , absolutni minimum v ]
m)  f(z,y) =2 +y* — 120 + 16y, M = {[z,y] € IR* : 2* +y* < 25},
[absolutni maximum v , absolutn{ minimum v ]
n) f(z,y) =22°+42% +y* — 22y, M = {[z,y] € R*: 2” <y < 4},
[absolutni maximum v , absolutn{ minimum v ]
0) flz,y)=2’y(d—x—y), M={z,y) € R?*:2>0,y >0,z +y <6},
[absolutni maximum v , absolutni{ minimum v ]
p) flr,y)=2—-2y—3 M={[z,y] c R*:0<2x<1,0<y<1,0<z+y<1},
[absolutn{ maximum v , absolutn{ minimum v ]
Q) floy) =a®—ay+y*, M ={[z,y] € R*:|z| +|y| <1},

[absolutni maximum v , absolutn{ minimum v ]
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Kapitola 7
Obycejné diferencialni rovnice

Piiklad 7.1. Naleznéte obecné feseni diferencidlni rovnice (pomoci separace proménnych) a feseni Cau-
chyho tlohy:

a) y =y, y(0)=-1, ly=Ce", CelR; C=-1]
b) =0 =1, Iyl =Va?+C, cem; C=1
o) ay ——L— =0, y1)=1 T cem o=
y 1‘—1—1_ ’y - Y y_x+17 Y - |
1 1]
d) 2% +y=1, y(1) =0, [le’ew,CEB;Ce
e*) 2y —a%y =0, y(1) = -1, {y:Cefw%,CGZR;C:—e_
2 1]
f) ¢ =2xy, y(1) =1, [yZCe”,CGJR;CZ6
g v =2 y1)=1, ly=Cr, Ce R C =
h) o' = ycotgx, y(n/2) =0, [y =Csinz, C € R; C =]
1) y/:2\/§a y((]):fl, [y:(x+0)2,CEB;C:]
)y tay =z y(1) =1, [y=1-Ce "2 cer; C=
—2 .[3 |
k) y,:x?7 y(0) =1, |fl/= 5(33—2)2—1—0,063;0:
1) r_ y—1 (0)__1 —1+0L71 OER'O_—
y_x(x_l)vy - ) Y= T ) ’ _-
2z — 1 1\ 1\ |
/— P— _—— _— —_— = M =
m) yf1+2y,y(1) 1, [(z 2) <y+2> C,CeR;C
1_ 2 .
n) oy + ﬁzo,y(O):—l, [C:x\/l—y2+y\/l—z2,06ﬂ%;0=
0) yy +ay’ =z, y(1)=0, ly=, CeR; C=]
5oy =Ly —1)2 — % Cem 0=
p*) Q—EJJ()— /2, Yy=1_cz € O =—
,_ 4y 2 7T
q) y:—1+7x27 y(0) =1, [arccotgy:ln 1+x2+C,CEIR;C:Z}
s o (3@ +)\° 3
)y =V y(0) = -1, [y— ((5 >>,c€m;c__5]
1
9 =L ) =1, [yzln(sinw)w),cem;c:J
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Piiklad 7.2. Naleznéte obecné feseni diferencidlni rovnice (pomoci separace proménnych) a feseni Cau-
chyho tlohy:

a) 2(a® +2—2)y =3y - 1), y(0) = -1, ly=, CeR; C=]
b) ¥ = y(0) = 1, y=CVI? =1, Ce R C = -1
) -
/_—2 = — = —— M = = —
C) Yy = Yy cosz, y(o) 17 |:y Sinl’-’—C, CEBa Y Oa C 1-
) -
o oYY _ _ =0, C =
d) y_ T ay(l)_ 1) |:y_1_Cx7O€]Ray 070 2_
2 2 1
e) zy = -y, y4)= -3, [2+y2 =C, CeR; C=25 yla) = —v/25 —a?
f) o +ytgr =2tgx, y(0) = —1, [y=2—Ccosz, C € R; C =]
g) ¥y =€t y(0) =1, [y=—In(C —€"), C € R; C =]
2
+x
h Y =-1 241 = 2_1 o
)y x2y_y,y(0) ; [y +1=C(z*-1), Ce R; C =]
i) y'sinz+ycosz =0, y(r/2) =0, [yzs, ,CE]R;C—}
i
j) ycosx —y sinz =0, y(r/2) =0, [y=, C € R; C =]
1—y?
k ! = =-1 = ; C =
)y 2xy,y(()) ; ly=, CeR; C=]
2
1 /:_2 :_1 = — N :—2
)y y-z, y(0) : {y aoo CERC }
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, Tty
= y 0 :717
a) y Ty y(0)
b oy = o) =1,
z(y — x)
2xy
¢) y’—mg_y2—079(0)=1,
d) zy —y=+va2+y2 y(1) =0,
2 2
/ ¥ty
- 0)=—1
e) o (0) ;
2 _
f) "= = y’ (1):17
z — 3y
, Tty
— D=1
g) . ;y(l) =1,
by =L 2 )=
x2 b )
. / Yy X
=242 y1)=1
i) vy x+y,y() ;

. y
i)z =yl y(1) =1,
k) y =er+ % y(1) = —1,

) y?+2% ==y, y(1) =0,

m) zy —y=+y?+a? y(l)=-1,
2 2
/ Yy —x
n) y 2ry ;v y(l) =1,
O*) ylzi y ay(]‘):O,
r+y

p) =%y =y* —ay+2® y(l) =1,

arctg% = %ln(z2+y2)+0, C € IR;
[cy=er', Cem
[m2—|—y2=C'y, C e RR;
[:c2202+20y, C € R,
[y:x\/m, C € R,

[23:2 — 20y +3y? =e %, C e R;
ly=zln|z|+ Cz, C € R;

ly=, Ce€R;

ly=, CeR;

[, C € R;

[, C € R;

[, C e R;

[, C e R,

[y2+x2:Cx, CeR—-{0}

[2® +22y=C, C € R;

1
= 1—4 .
o=+ (- wrve) oo m

24

Piiklad 7.3. Naleznéte obecné Feseni diferencidlni rovnice (s homogenn{ funkcf) a feseni Cauchyho tlohy:

Q
I

Q aQ qQ Q
I I

Q
|

Q
AL

??QGQGQQ
AL

Q
I



Priklad 7.4. Naleznéte obecné feSeni linearni diferencidlni rovnice 1. fadu a feSeni Cauchyho tlohy:

COS T
a) ¥y =y

:2. 2:1
5L gsing, y(r/2) =1,

b*) '+ 3y =€, y(0) =1,

¢) Yy +y=cosz, y(0)=1,

d) 2y+ (y* —6x)y =0, y(1) =0,

e) ay —

f) @y +3-22y=0,y(1) =1,

1+
r_
g v = zy(l + 22)

h) 2%y =y(y* +2%), y(1) = 1,

;y(1) =1,

owy —y y
1) T :tg;7 y(l) 207

i*) Y +2ytga = 2sinx, y(r) =1,

k) (1+2%)y +y=arctgz, y(0) =2,

) o = % + 2% cosz, y(2m) =0,

—4x 1
1)=1
x2+1y+x2+1,y() ;

n) 3 +2y=3ze ", y(0)=—1,
o) vy —y=uzecosx, y(0) =1,

m) y =

p) ¥ cosz+ysinz =1, y(0)=1,

q*) Y+ 2y =z, y(0) = 1,

r) y =ytgr=1-—uatgx, y(0) =1,

T

. / _ t
s) xy +y=arc gx—i_l—i—x?’ Yy

2z
t) y’—my:x2+1, y(1) =1,

9
u*) oy — —y = 22°, y(1) =0,

v) Y +2zy= 2we™, y(0) = —1,

3 T

/

—_—— —_—— = —2 —_ -—

w) oy e 0, y(—2) = -6,
!/ ex

x) y—y—;,y(1)=—e,

y) ¥ +3y=u=x y0)=-1/9,

z) y +aty=a? y(0) =1,

(1) ==/4,

[y =(2z+ C)sinz, C € R; C =]

2z 4'
{y:Ce_Sm—i-z,CejR; 025

.1
{y =Ce "+ i(sinx—l—cosx), CeR; C=

[y2—2x:Cy3,CEB; C:j

. :
[y—x_'_l(C'—i—x—l—lnxD, CeR; C=

1
[y:CxQ—&—x,CEB;C:

(A +2?)(1+y?) =Ca? CeR; C =]

{:L’C’e_;f“, CeR; C=

[sin%:Cx, CeR; C=|
[ychost—i—Zcosx, CeR;, C= }
[y =, C € IR; C:7y:3e_arCtg“+arctgx—l}

[y =, CcR; C=,y=2a3(zsinz +cosz — 1)

]
3 1

[Ce ™" + (3z—3)e™™, C € R; C =]

[y =Ce” + e"cosx + ze’sinzx, C € IR; C =]

[y=Ccosx +sinz, C € R; C =1]

2 2 ]

[y—e”” <C+x2>, CeR; C=1

4z, CeR;, C=

[ C
y =
COsS T

C
[yzx—karctgx, CeR; C=0

[y=(z+C)(z*+1), C € R; C =]
[y::v4+Ca?2, C € R, C:—l}
[y:e_xz(ﬁ—i—C’), C e R; Cz}

2 3
[y:xQ”,CGJR;C:}

[y= CeR; C=,y=e"(Inz—1)
{y=, CeR; C=y=

23

{y:1+Ce’t3,C€R; C=-1
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2x 1
a) y/ 1'2+1 ; y(_l):1/47
lnx 1
T T
2y
o) y=_——740)=1
y _ sin x
d v += . , y(m) =3/,
Y _
e) y +r+l’ 0 y( ) ].,
2x
f) yl—ﬁyzl‘i‘ﬁ» y(1) =1,
g) v =ytgx +2sinz, y(r) =1,

h) 3 —sinz =322, y(1) = —1,
) y=z—y+1 y(1)=-1,

x+1 .
j) y'+Ty:2e , y(1) = 2/e,
2
k) y/+?y:e_z, y(1) =2,
3z
) 4+ —2 = 2) =3+/3
) Vs = () =3+ V3,
’ zry
m) Y+ =2 y(0) =0,
1 2
n) y’+ycosx=w, y(0) = —1,
2y 4x
/: —1 :2
o) V=g 1t ¥=2
p) 2y +y=32% y(0) =1,
2
q) y’—;y=2$37 y(1) =1,

Doy =2 -1y = -1,
)

vy =y+a®, y(1

t) y/+?: - ay(l)zla

u) ¢ cosz —ysinz = sin(2z), y(0) =1,

v¥) xy +y=Inz+1, y(1) =0,

w) (z+1)y +y==z, y0)=1,

z+1

x) ¥+ y=3ze ", y(1) =1,

2 2 c
[y:—e_””<1++2>+2,06ﬂ%;0:
r T |

Priklad 7.5. Naleznéte obecné feSeni linearni diferencidlni rovnice 1. fadu a feSeni Cauchyho tlohy:

2+ 2In(—
{y=,CGJR;C=,y=x+ n()x)}

2022 +1

[y=lnz+Cz, C e R; C =]

[y=C(z—1)* CeR; C =]

{ = CcR; C= - cosx)}
4 — 3z* — 423
[y,CEZR,C, 2+ 1) }
=]

[y=(1+a>)(z+C), CER; C

[ CeR; C=
[yzx —cosxz+ C, C € IR; C:}
[yzx—l—C’e_r, C € RR; C:}

[ = CelR;, C=,y=e x<x—|—i>

=,y = —cosx]

= cem o= y=3+Vr 1]
[y:vceﬂ%écz,ysz—ler}

[y =sinz — 14 Ce "% C € R; Cz}

ly=, CeR; C=,142z+ 1)(In(—2x — 1) —1)]

26

[y=32> — 120+ 24+ Ce 22, C € R; C =]
]

[y:a:4+C'ac2, CeRR;, C=
[y=—zlnjz|+Cz, C € R; C =]
[y:x2—|—Cx, C € R, CzO}

[yle”” Jrg CelRr;, C=

212 222’
cos(2 C
=R

CelR; C=

2cosx  cosz’

[y:lnx—i—i,CEIR; C=0

C

——, CcR; C=
|22 + 1

9e_””, CeR; C=
T



Priklad 7.6. Urcete ortogondlni trajetktorie k soustavé kiivek:

a*) y—Cx =0,
b) y—Ce ® =0,
c*) y—Cx? =0,
d) y—-C=0,

e) y—Caz®=0,

[xQ—i-yQ:rQ, TEB]
[y==2V2z+7r, r € R|
[332+2y2:r2, TEB]

[, r € R
[, r € R]

Piiklad 7.7. Reste exaktn{ diferencidln{ rovnice:

a*)  (32% 4 2¢%) + (day + 2)y' =0,

[2° +22y° + 2y = C, C € R

b) yax?~' +a¥In(z)y’ =0,

o) (¢® =)+ (v’ —2zy)y’ =0,
) 2zyy’ +y* =0,

e) (z+2y)y +y+322=0,

) Bay?y’ + 22+ =0,

[oN

yzlg CelR

nr
[42® — 122y 4+ 3y* =12C, C € R
[acyz:C', CeR
[zy+y*+2°=C, Ce R
[gcy3+x2:C, CelR

]
]
]
]

Priklad 7.8. Naleznéte obecné feSeni homogenni linearni diferencialni rovnice s konstantnimi koeficienty:

a) y' -9y =0,

b) 3" -8y + 16y =0,
c) y' =2y +2y=0,
d) " +3y =0,

e) y' —6y +8y=0,
f) y'+y' +2y=0,
g) y'+25y=0,

h*) " + 4y’ +4y =0,
) ¥ =3y +2y=0,
i)y =6y +13y =0,
k*) y" +5y + 6y =0,
1) 4y” -8y +3y =0,

m) y' +y +y=0,

n) y" -4y =0,

o) y" —2y" +9y — 18y =0,

p) y"+8y=0,

a) ¥ =13y —12y =0,

r) Yy +y" =0,

s) y" =5y +17y — 13y =0,

t) y™® — 4y +8y" — 16y’ + 16y = 0,

w) ™ +6y" +9y =0,

[y = C1e*" + Coe™™", C1,C; € R)

[y = C1e*™ + Coze™™, C1,C € R

[y = C1e” cosx 4+ Cae” sinx, C1,C5 € R)
ly=Ci+ Coe 3%, C1,04 € R|

[y = C1e* + Coe™™, C1,Cs € R

y= Cie /2 cos (?) + Oye™*/?sin (f) , Ch,Cs € R}

[y = Cy cos(bz) 4+ Cysin(bz), C1,Cs € R]

[y = Cie " + Chze ", C1,C5 € R]

[y = Cre® + Coe®™, C1,Ch € R]

[y = C1€** cos(2z) + C2e®” sin(2z), C1,Cs € IR
[y =Cie 2 4 Che 3, 01,0y € R}

[y = C1e37/2 4 0he®/2, Oy, Oy € JR}

ly = Cre */? cos (f) + Cye*/?sin (?) , C1,Cs

eR
[y =C) + Coe®® + Cqe 2%, C1,C,C5 € ]R}
[y = C1e* + Cycos(3z) + Cysin(3z), C1,Cy, Cs € R}
{y = Ce 2 4+ Che® COS(\/§1’) + Cse” sin(\/gx), C1,C5,C3 € B]
[y = Cre™™ + Coe™ + C3e™*, C1,C5,C3 € IR
[y =C1+Cox + C3e™™, C1,C5,C5 € ]R}
[y = C1e” 4 Cqe?” cos(3x) + C3e** sin(3z), C1,Cy,Cs € R}
[y = C16% 4+ Coxe®® + Cy cos(2z) + Cysin(2x), C,...,Cy € ]R}
[y = () cos(V3z) 4 Cysin(v/3z) + Cax cos(V3x)

+Cux sin(\/gx), Cy,...,C4 e R
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Piiklad 7.9. Naleznéte partikularni feSeni homogennich linedrnich diferencidlnich rovnic s konstantnimi
koeficienty vyhovujici danym poc¢ateénim podminkam:

a) y' =5y +4y=0, y(0) =y (0) =1

b ' y=0.y(3) =1y (3) =0

¢) y' =6y +9y =0, y(0)=2,4'(0) =5,

d) y" -5y +6y =0, y(0) = 2,4'(0) =5,

e) ¥ —y" —4y +4y =0, y(0) =¢'(0) =1,4"(0) = 13

Piiklad 7.10. Naleznéte obecné feSeni nehomogennich linedrnich diferencidlnich rovnic s konstantnimi
koeficienty metodou variace konstant:

ly = e”]

[y = sin ]

[y _ 2639: o xeSw}

[y — eQr + 631}

[y = —3e” + 3e* + e ?7]

1 1
af) oy —y=", y=Cre’ +Coe ™" — — (2® + a2+ =
er 4 T
1
b) v’ +4y= cos(2) [y = C cos(2z) + Cy sin(2x)
1
+Zln|cos(2z)| cos(2x) + = sm (22) ]
4
c) ¥ +2 +y=3e"Vr+1, [y:Cle_””—Fnge_z—FE)e 1)%/2
1
d) ¢ +4y +4y= o [y = C1e " 4 Coze™ — e ?*(In x| — 1) }
xeest

Piiklad 7.11. Naleznéte obecné feSeni nehomogennich linedrnich diferencidlnich rovnic s konstantnimi

koeficienty metodou odhadu pro specialni pravou stranu:
e

a) yl/72y/73y:64:c |:y01€z+0263$+564z

b) " —2y' + 5y = cosz, {y = C1€” cos(2x) + Cae” sin(2z)

+1 1 . 7

—cosx — —sinx

5 10 ]

1 1 4]
c) y'"+y" {y =C1 + Cox + C3e™ " — §x2 + 6303

d) 3" -2y +2y=e"cosz,

. 1
[y = Che® cosx + Cre®sinx + imex sin x

[y =C1 + Coe® + €” (2% — 3% + 690)]
[y = C) + Cye® + 222 + 4x]

e) y// _ y/ _ 3.772696
f) v =y =,

g) y' +3y +2y=uzsinxz, y=Cre™® + Cpe~2®
+ ix—i—l? cosx + ix—k 3 sinx_

10 50 10 25
h) " +2y +y =2 [y = Cre™™ 4+ Come™ + 2% — 4z + 6]
5 :
1
1) y//7y172y:x2+x’ |:y_016x+0262x1'22
5 :
i) y" — 4y’ = 8x +4, |:y=c1+0264m—x2—2x

k) 9’ — 4y =8e*,
) o' — 4y =42+ 2,

11

m) y' =e—2z,

n) 9y’ =sinuz,

[y = (1% + Che™ % + 23:629”]
]

[y = (1% 4+ Che 2 — 2 — 1
—2z

{yC’1+C’2x+e

[y = C1 + Cax —sinz]
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Piiklad 7.12. Naleznéte obecné feseni nehomogenni linearni diferencidlni rovnice
1 /
y' — 4y + 4y = b(z)

metodou odhadu pro specidlni pravou stranu b(z), je-li

a) b(r) = 3¢, y = C1e** + Cowe® + %x%h

b) b(z) = 4, [y = C1e** + Come™ + z + 1]
c) b(z)=¢€", [y = C1e** + Come® + €]
d) b(z) = 62e*”, [y = C1€** + Come® + 2]
e) b(x)=8sin(2z), [y = C1e** + Come® + cos(22)]
f) b(z)= 42> +2, I
g) b(x) = we”, [

Priklad 7.13. Naleznéte obecné feSeni nehomogenni linearni diferencialni rovnice
y" +9y = b(x)

metodou odhadu pro specidlni pravou stranu b(z), je-li

) ;
1
a) b(x) =3z +6, {y = C; cos(3z) + Cysin(3z) + :% - 2—(7;
. ' | 1 1 -
b) b(x) =4(x+ 1)sinz, y = C1 cos(3z) + Co sin(3z) — g o8 + E(x +1)sinz
3x - : 1 1 33::
c) b(z)=9xe>®, y = C1 cos(3x) + Cysin(3x) + 3¢5 e
85, _ [ . _. 2 . :
d) b(z) = ?36 ¥ cosz, y = Cj cos(3x) + Cysin(3x) +e™° (3 cosz — 2 sin m)
i 1 .
e) b(z) =6sin(3x) + 3 cos(3z), {y = (1 cos(3z) + Cosin(3z) + 5% sin(3x) — x cos(3z)

Piiklad 7.14. Naleznéte partikularni feSeni nehomogenni linedrni diferencidlni rovnice vazané po¢atecnimi
podminkami

y' +y=0bx), y(0)=1,y(0)=-1

a) b(z) ==, [y = —2sinz + cosz + z]
b) b(z) =sinz, [y =]
¢) b(z) =3sin(2x), [y =]
d) b(xz) = 3cos(2x), [y =]
e) blx)=xz+3, [y =—2sinz —2cosx + x + 3|

Priklad 7.15. Naleznéte partikularni feSeni nehomogennich linearnich diferencidlnich rovnic vazané
prislusnymi poc¢atecnimi podminkami.

a) vy’ =3y +2y=uze** y(0)=1,4(0)=1 ly =]
b) Y43y +2y=(6s—1)e”, y(0) = -1,5/(0) =1 [y=e"—e >+ (z—1)e"]
c) y'+2y +y=2cosz, y(0)=1,y'(0) = ly =]
d) y// - 2y/ N 3y =15 sin(3z), y(O) =0, y/(O) = [y :]
x 4x 4z
e) ' —5y +4y=-e* y(0)=0,14(0)=0 y:i_%‘f‘xz
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Kapitola 8

Rady

Piiklad 8.1. Rozhodnéte o konvergenci ¢i divergenci ¢iselné rady:

a¥*)

+oo
n

on

i=1
X 37!
>

n=1

[konverguje]

[diverguje]

[diverguje]

[diverguje]

[konverguje]

[konverguje]

[konverguje]

[konverguje]

[konverguje]

[konverguje]

[konverguje]

[konverguje]

[konverguje]

b)

30

400 7n

nz::l (n+7)!
X 1007
2 n!

400 1

[konverguje]

[konverguje]

[konverguje]

[konverguje]

[diverguje]

[diverguje]

[diverguje]

[konverguje]

[konverguje]

[konverguje]

[diverguje]

[konverguje]

[konverguje]



Priklad 8.2. Rozhodnéte o absolutni ¢i relativni konvergenci nebo divergenci ¢iselné rady:

a)

Sk
2

3
Il
-

%
<L
=

3
Il
—

h)
3
|

=
s
2 <
3

4|+
Mf—\

3
Il
—

S
=
3
]
5

3
Il
—

7%
S
=

3
Il
-

1M
o
S
+1
—
[
i
=
w

[konv. relativné]

[konv. absolutné]

[diverguje]

[konv. absolutné]

[diverguje]

[konv. relativné]

[konv. absolutné]

[konv. relativné]

[konv. absolutné]

[konv. absolutné]

[konv. absolutné]

31

b)

d*)

“+o0
n(—1)"
= 2n+1\"
b Sy
nz::l <3n — 1)
SRE
“— In(n+1)
X34 (—1)"
n=1 (_3)”
+oo n
;(71) n+1
+oo - 1
;(_ ) (2n —1)2
+oo
Z(_l)n—HE
+oo
="
nz:; nlnn
+oo
> (=)™ <1 + n)

—+oo

2n+1
—1)"
)=,
n=1
+oo 1

[diverguje]

[konv. relativné]

[konv. absolutné]

[konv. absolutné]
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Priklad 8.3. Urcete polomér a obor bodové konvergence mocninnych fad:

a)

[R=8,I*=(—17,9)]

R=1, 1" =]

[R=2,I"=(—1,3)]
[R=0,I" = {-1}]
[R=1,1" = (-1,1)]
[R=3,T" = (—3,3)]
[R=1, 1" = (0,2)]
[R=1,T" = (~2,0)]

[R = 400, I" = (—00, +00)]
[R=0,1" = {3}]
[R=1,1"=(—3,-1)]
[R=1,T" = (~1,1)]

HEES)

[R=8,I"=(—-9,-T7)]
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